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if the elements are colored against the orientation of 
arcs. It is advisable if the data on concentration in sinks 
𝑟𝑟"#, 𝑗𝑗 ∈ 𝑉𝑉()*  are included in the initial information. 

The proposed algorithm gives an approximate solution 
that does not take into account the information on the entire 
set of measurements, both in sources and at other points of 
the system. The exact statement and solving the problem 
under standard assumptions about measurement errors 
were given above. 

VIII. Decomposition methods

All ideas of algorithm 1 are generalized in algorithm 2 
to be discussed later. We will give some definitions before 
describing the algorithm. We introduce the fictitious source 
s' by drawing arcs from it to each actual source and the 
fictitious sink t' by drawing arcs to it from each actual sink. 

With the view to obtaining plausible and more precise 
numeric results than the results obtained with algorithm 
1, we can also apply the decomposition methods. These 
methods allow reducing the search for solution r on graph 
G to a sequence of similar problems on its subgraphs. These 
problems are of smaller dimension and, consequently, 
are easily calculated. The decomposition methods are 
approximate and it is hardly possible to determine the 
extent to which they are accurate. Without going into 
detail, we will describe the idea of the methods.

The minimal cut S (hereinafter we use the term cut for 
simplicity) is a set of the graph arcs 𝑆𝑆 ≔ (𝑖𝑖, 𝑗𝑗) ∈ 𝐸𝐸 , without 
which the graph loses its connectivity. The property of 
connectivity loss will disappear after removing any arc 
from the set.

We can introduce partial ordering  !  on the set of cuts 
assuming that 	𝑆𝑆# 𝑆𝑆$ !  if the numbers (the numbering is 
considered to be made as mentioned above.) of all arcs Sj 
or some of the numbers of arcs Sj are greater than numbers 
of all arcs Si, and the other arcs from Sj belong to Si (Fig.5).

We introduce the notation: the cut S divides G into 

two connectivity components which will be denoted by 
𝐺𝐺"#$%&'(𝑆𝑆), 	𝐺𝐺"-./(𝑆𝑆),  i.e. 𝐺𝐺 = 𝐺𝐺"#$%&'(𝑆𝑆) ∪ 𝑆𝑆 ∪ 𝐺𝐺"-./(𝑆𝑆).  (the first includes the source and the 
second – the sink.), 𝐺𝐺"#$%&'(𝑆𝑆), 	𝐺𝐺"-./(𝑆𝑆),  i.e. 𝐺𝐺 = 𝐺𝐺"#$%&'(𝑆𝑆) ∪ 𝑆𝑆 ∪ 𝐺𝐺"-./(𝑆𝑆). 

Adjustment of a solution by minimum cuts (Algorithm 2).
We sequentially proceed from cut 	𝑆𝑆#$% to cut 𝑆𝑆# 𝑆𝑆#$%.  !

. When doing so, we adjust the concentration values of arcs 
in  set (𝐺𝐺#$%&'((𝑆𝑆*) ∪ 𝑆𝑆*)/(𝐺𝐺#$%&'((𝑆𝑆*./) ∪ 𝑆𝑆*./)  using the 
ethane balance conditions as in algorithm 1, the transition 
from one node to another of a larger number was made. 
Then, the components of the solution on the subgraph 
(G_source (𝐺𝐺#$%&'((𝑆𝑆*) ∪ 𝑆𝑆*)/(𝐺𝐺#$%&'((𝑆𝑆*./) ∪ 𝑆𝑆*./)   will 
not have the inverse effect on the solution on the subgraph 
	𝐺𝐺#$%&'((𝑆𝑆+,-) ∪ 𝑆𝑆+,- .

IX. Calorific value distribution

It is easy to switch from the distribution of concentration 
values by an arc of the calculation graph to the distribution 
of heat (calorific) value. According to the State Standard  
31369-2008 [22], the molar calorific value of gas mixture 
is calculated as a weighted average value by the gas 
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Fig. 4. Graph of the system with fictitious source and sink.
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composition 𝐻𝐻 = ∑ 𝑥𝑥%% 𝐻𝐻%,  where xj is the molar fraction 
of component j, and 𝐻𝐻"  is its calorific value. The values 
𝐻𝐻"  for ethane and methane are 891,56 and 1562,14 kJ

mol
,	  

respectively. The mass calorific value 𝐻𝐻"  is calculated by 
the molar one, using the formula 𝐻𝐻" = 𝐻𝐻/𝑀𝑀 , where M is 
the mixture molar mass. Volumetric heat value 𝐻𝐻" ̃ is also 
proportional to value  𝐻𝐻" . Therefore, the calorific value can 
be calculated either by the concentration values or by the 
formulas mentioned above with changed notations. The 
calorific value plays a significant part in mutual settlements 
between gas suppliers and consumers, which is why this 
concept is used rather widely. A calculation example below 
clarifies the results in terms of calorific value.

X. Calculation example

By way of illustration, we will demonstrate the 
calculation of the calorific value distribution by transmission 
direction. Figure 6 presents the GTS structure, input data, 
and results of calculations. 

Graph of the system includes n=13 arcs 
(transmission directions), m = 11 nodes (of which  
min = 4 sources, mout = 2  sinks (consumers), mjoint = 5 
joint nodes), and n* = 9  measuring points. Therefore,  
d = m joint – ( n – n*) = 1, and the number of measurements 
is sufficient to take into account their cross-impact and to 
make a system-wide estimation of unknown values.

The input data (flow rates, measured calorific values) 
and calculation results are demonstrated in the Table and 
some of them are given in Figure 6. 𝐻𝐻"#$

(&)  are the estimates  
of calorific value provided  that condition (5) is met, 𝐻𝐻"#$

(&)  
are the estimates obtained without meeting  condition 
(5), 𝐻𝐻"#$

(&)  are the estimates obtained using the heuristic 
algorithm 1, 𝑟̂𝑟#$  are the estimates  of concentration values 
in the main calculation with condition (5) satisfied. An 
analysis of the obtained results indicates that estimates 
𝐻𝐻"#$
(&)  do not satisfy conditions (5) at node 5, while at the 

other nodes, conditions (5) are satisfied. Checking makes 
it possible to establish that in the case of solution 𝐻𝐻"#$

(&) the 
sufficient condition (10) is also satisfied. In other words, 
simple models were used for the calculation, which did not 
include condition (10), but this condition appeared to be 
satisfied and further studies were not required. Therefore, 
one can hope that in many practical problems the solution 
to the optimization problem (3) subject to  (4) and (5) will 
satisfy more stringent conditions (4) and (10). 

The values of MLE criterion (3) are demonstrated in 
the last line of the Table. Value 𝐻𝐻"#$

(&)  is 14% less than the 
value 𝐻𝐻"#$

(&) . Such a large difference in the criterion values 
shows its sensitivity.  The difference between vectors  
!𝐻𝐻#$%

(')!  and !𝐻𝐻#$%(')!   is not large, whereas the difference between 
the values of the criterion for these vector arguments is 
considerable, i.e. if we do not allow for the irreversibility 
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Fig. 6. Example. Distribution of gas volumetric calorific value (in kcal/cub m). 11 – number of node, 8936 – calorific value Hij by 
arc, 65 – flow rates ξij by arc (in MMcmd), 8910 – measured calorific values. 
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condition (5), the criterion value drops significantly (14%). 
The use of the heuristic algorithm of local optimization 

(solution 𝐻𝐻"#$
(&) ) demonstrates its ineffectiveness. Indeed, the 

criterion of MLE, which characterizes the extent to which 
the interdependence of the measured parameters is taken 
into account, is significantly greater (2.75 times) than for 
the (solution 𝐻𝐻"#$

(&) ). This proves that the heuristic algorithm 
can hardly be considered a satisfactory approximation to 
a reasonable (solution 𝐻𝐻"#$

(&) ), despite its seeming natural 
algorithmic constructions.

XI. Conclusions

The proposed technique allows calculating the 
distribution of the composition of natural gas when 
transported via gas transmission systems of an arbitrary 
configuration. The developed mathematical model takes 
into account the irreversible and non-equilibrium nature 
of gas mixing processes due to various gas composition, 
as well as the random nature (instrument errors) of the 
initial data on measurements of the concentration of the 
components.

Instead of components concentration, formalization 
can be carried out in terms of gas calorific value. Using 
the maximum likelihood estimation, the search for the 
concentration distribution is reduced to the problem of 
mathematical programming with equality and inequality 
constraints, which follow from the law of mass conservation 
and the conditions of the process non-equilibrium. The 
problem is solved by well-known numerical methods using 
standard software packages. 

The calculation example demonstrates the efficiency 
of the method and the potential difficulties in solving 
practical problems due to insufficient information and 
systematic instrument errors. The proposed technique can 
be applied to control calorific value when supplying gas to 
domestic consumers. It is also suitable for calculating the 
dew point temperature during flows through transmission 
systems of arbitrary configuration, which is necessary for 

the operational control of export supplies. 
The analysis of the multicomponent gas mixture flows 

can serve as a methodological basis for accomplishing the 
prospective flow management tasks in the UGSS of the 
Russian Federation, which are related to the construction 
of gas chemical facilities using natural gas as a feedstock.
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